ABSTRACT The connectivity of a multiprocessor system or an interconnection network plays an important role in measuring the fault tolerance of the network. As a famous topology structure of interconnection networks, the hyper petersen graph HP n has many good properties. In this paper, we show that the r-restricted connectivity of HP n is − 1 2 r 2 + (n − 3 2 )r + n and HP n is two super r-restricted connected for n ≥ 4 and 0 ≤ r ≤ n − 3.
I. INTRODUCTION
Mass data processing and complex problem solving have higher and higher demands for performance of multiprocessor systems. A multiprocessor system and an interconnection network (network for short) have an underlying topologies, which is usually represented by a graph G = (V (G), E(G)). V (G) represents processors and E(G) represents communication links between processors. In the system where the nodes and their links are likely to fail, it is important to consider the fault tolerance (robustness) of the network. The fault tolerance of large networks is usually a measure of the extent to which the network can retain its original nature in the event of a certain number of nodes of failure and/or links failure in the network topology. The connectivity of G plays an important role in measuring the fault tolerance of the network. For a connected network (graph) G = (V , E), F ⊆ V is called an r-restricted set if every component of G − F has at least (r + 1) vertices. An r-restricted cut of G is an r-restricted set F such that G − F is disconnected. The minimum cardinality of r-restricted cuts is said to be the r-restricted connectivity of G, denoted byκ (r) (G) . A connected graph G is said to be r-restricted connected if G has an r-restricted cut. There are many researches about the r-restricted connectivity of G. See [3] - [12] .
In this paper, we mainly study the r-restricted connectivity of the hyper petersen graph HP n and show that the r-restricted connectivity of HP n is − 1 2 r 2 + (n −
2 )r + n and HP n is two super r-restricted connected for n ≥ 4 and 0 ≤ r ≤ n − 3.
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II. PRELIMINARIES
Let G = (V , E) be an undirected simple graph. For V ⊆ V with V = ∅, the induced subgraph by V in G, denoted by G [V ] . For any vertex v, we define the neighborhood N G (v) of v in G to be the set of vertices adjacent to v. Let S ⊆ V . We use N G (S) to denote the set ∪ v∈S N G (v)\S. Detailed, we follow [1] . Fig. 1 is the Petersen graph. The cartesian product of graphs G 1 and G 2 is the graph G 1 ⊗ G 2 with vertex set {(x, y) : x ∈ V (G 1 ), y ∈ V (G 2 )}, vertices (x 1 , y 1 ) and (x 2 , y 2 ) are adjacent in G 1 ⊗ G 2 if and only if either x 1 = x 2 and y 1 y 2 ∈ E(G 2 ), or x 1 x 2 ∈ E(G 1 ) and y 1 = y 2 .
Definition 1: ( [2]) The 3-dimensional hyper petersen network HP 3 is the Petersen graph. For n ≥ 4, the n-dimensional hyper petersen network, denoted by HP n , is defined as
Definition 2: For n ≥ 3, an n-dimensional hyper petersen network, denoted by HP n , is defined recursively as follows: 1) HP 3 is the Petersen graph consisting of 10 vertices labeled with 0, 1, 2, . . . , 9, respectively, connected by 15 edges (0, 1), (0, 4), (0, 5), (1, 2) , (1, 6) , (2, 3) , (2, 7) , (3, 4) , (3, 8) , (4, 9) , (5, 7), (5, 8) , (6, 8) , (6, 9) and (7, 9) .
2) For n ≥ 4, let 0HP n−1 denote the graph obtained from one copy of HP n−1 by prefixing the label of each vertex with 0. Let 1HP n−1 denote the graph obtained from the other copy of HP n−1 by prefixing the label of each vertex with 1. In HP n , connect each vertex 0x n−1 · · · x 4 x 3 of 0HP n−1 to the vertex 1x n−1 · · · x 4 x 3 of 1HP n−1 , where x i ∈ {0, 1}, i ∈ {4, . . . , n}, x 3 ∈ {0, 1, 2, . . . , 9}.
The graph HP 4 is depicted in Fig. 2 . It is easy to see from the definition that HP n is an n-regular graph on 10 × 2 n−3 vertices and 5n × 2 n−3 edges. The edges whose end vertices in different iHP n−1 are called cross-edges for i = 0, 1. By the definition 2.2, all cross-edges of HP n is a perfect matching.
Proposition 3:( [2] ) Let HP n be the n-dimensional hyper petersen (n ≥ 3). Then the connectivity κ(HP n ) = n.
An r-restricted connected graph G is super r-restricted connected if G − F has a component of order r + 1 for every minimum r-restricted cut F of G. A super r-restricted connected graph G is |F| two super r-restricted if G − F has two components for every minimum r-restricted cut F of G. In particular, G is called to be |F| two super connected if r = 0.
Theorem 4: HP n (n ≥ 3) is n two super connected. Proof: We will prove the theorem by induction on n. Let S be a minimum cut of HP n . By Proposition 2.3, we have |S| = n. HP 3 is the Petersen graph. Since Petersen graph is vertex transitive, without loss of generality, suppose 0 ∈ S. Let S = {0, x, y}. By testing S = {0, x, y} all possible, we have that HP 3 is two 3 super connected. The result is true when n = 3. In what follows, assume that n ≥ 4, and that the result holds for HP n−1 . Suppose S i = S ∩ V (iHP n−1 ) (i = 0, 1). Since n ≥ 4, we have 5×2 n−3 −n ≥ 1, and so there is at least one edge between 0HP n−1 − S 0 and 1HP n−1 − S 1 . Without loss of generality, assume that |S 0 | ≤ |S 1 |. If |S 0 | = 0, then 0HP n−1 − S 0 is connected. Since all cross-edges of HP n is a perfect matching, HP n − S is connected, a contradiction.
Since there is at least one edge between 0HP n−1 − S 0 and 1HP n−1 − S 1 , HP n − S is still connected, a contradiction. Consequently,
is also connected, then HP n − S is still connected, a contradiction. Then 1HP n−1 − S 1 is disconnected. By the induction hypothesis, 1HP n−1 − S 1 has exactly two components, one of which is an isolated vertex u. Since 5 × 2 n−3 − (n + 1) ≥ 1 and all cross-edges of HP n is a perfect matching, we have that
Otherwise, u is adjacent to v in HP n and hence HP n − S has exactly two components, one of which is an isolated vertex u.
By the definition of hyper petersens, we immediately have the following result.
Proposition 5: For any integer n ≥ 4, the girth of HP n is 4.
Proof: If two vertices u, v are adjacent, then, by Proposition 2.5, |N (u) ∩ N (v)| = 0. Suppose that two vertices u, v are not adjacent. Let P ∼ = HP 3 and u, v ∈ V (P). Since Petersen graph P is vertex transitive, without loss of generality, suppose u = 0. By testing 0, v all possible, we have that |N (u) ∩ N (v)| ≤ 1 < 2. Let P 1 and P 2 be two different Petersen graphs (Petersen graphs here are numbered.) in HP n and let u ∈ V (P 1 ) and v ∈ V (P 2 ). Then
III. THE R-RESTRICTED CONNECTIVITY OF HYPER PETERSENS
In this section, we shall show the r-restricted connectivity of the n-dimensional hyper petersen.
Lemma 1:( [3] ) For three integers r 1 , r 2 and r, if r 1 , r 2 ≥ 1, and r 1 + r 2 = r, then
For two integers n and r with n ≥ 1 and r ≥ 0, let f n (r) =
Proof: We will prove the lemma by induction on n. Let n = 3. Then HP 3 is the Petersen graph and f 3 (2) = 4. Let S ⊆ V (HP 3 ) with |S| = 3. Since the Petersen graph is vertex transitive, without loss of generality, suppose 0 ∈ S. Let S = {0, x, y}. By testing S = {0, x, y} all possible, we have that N HP 3 (S)| ≥ 4. The result is true when n = 3. In what follows, assume that n = k − 1 (k ≥ 4), and that the result holds for HP k−1 , i.e.,
We will prove that the lemma holds for n = k, i.e., |N HP k (S)| ≥ f k (2) = 3k − 5 for S ⊆ V (HP k ) with |S| = 3. We consider the following cases.
Case 1: S ⊆ V (P), where P ∼ = HP 3 .
Case 2: S V (P).
In this case, it is obvious that
Proposition 4: For any integer r ≥ 0 and any integer n ≥ (say, Hypothesis (A)). We will prove that the proposition holds for any integer n ≥ k+2 2
, where |S| = k + 1 and n ≥ In this case, 
By the induction hypothesis (A), we have
Further, consider the following cases. Case 1.2.1:
. By the induction hypothesis (A),
By (1), (2), and Lemma 3.1, we have
If k is odd, then
2 . Hence,
Thus,
. by the induction hypothesis (A),
By (1), (3), and Lemma 3.1, we have
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So far, we have that Hypothesis (B) ). We will show that
Note that all cross-edges of HP n is a perfect matching between V (0HP n−1 ) and V (1HP n−1 ). For any S ⊆ V (HP n ) with |S| = k + 1, let S = V 0 ∪ V 1 , where V i ⊆ V (iHP n−1 ), i = 0, 1. Without loss of generality, suppose that |V 0 | ≤ |V 1 |. We deal with the cases below, respectively.
Case 2.1:
In this case, |V 1 | = k + 1. By the induction hypothesis (B),
Case 2.2:
. By the induction hypothesis (A), for j = 0, 1, we have
Thus, by Lemma 3.1, we have
In summary, the proposition holds.
Lemma 6: Let n ≥ 4, 0 ≤ r ≤ n − 3 and let S ⊆ V (HP n ). If |S| ≤ f n (r)−k with 0 ≤ k ≤ 1 and HP n −S is disconnected, then HP n − S has a component with at least 10 × 2 n−3 − |S| − (r + 1 − k) vertices.
Proof: We will prove the lemma by induction on r. Let r = 0. Then |S| ≤ n − k. By Proposition 2.3, if k = 1, then HP n − S is connected. By Theorem 2.4, if k = 0 and |S| = n, then HP n − S either is connected, or has two components, one of which is an isolated vertex. This implies that the result is true for r = 0. Assume that the result holds for r = r − 1, i.e., HP n − S has a component with at least 10
In what follows, we shall verify that the result holds for r = r (r ≥ 1). Suppose S i = S ∩ V (iHP n−1 ) (i = 0, 1). Without loss of generality, assume that |S 0 | ≤ |S 1 |. We consider the following cases.
Case 1:
In this case, 0HP n−1 − S 0 is connected because κ(0HP n−1 ) = n − 1 by Proposition 2.3. Let C be the component of HP n −S containing 0HP n−1 −S 0 , and let C be the union of all other components of HP n − S.
Since all cross-edges of HP n is a perfect matching, we have that In this case, we have
By the induction hypothesis, for each i = 0, 1, iHP n−1 − S i has a component A i with at least 10 × 2 n−4
+3n−12−2k 2 < 10 × 2 n−4 because n ≥ 4. In view of the fact that there are 10 × 2 n−4 vertex disjoint edges between V (0HP n−1 ) and V (1HP n−1 ), there exist some edges between A 0 and A 1 in HP n −S. Let C be the component of HP n −S containing A 0 and A 1 , and let C be the union of all other components of HP n − S.
− |S| − (r + 1 − k). By Lemma 3.6, we immediately have the following result. Theorem 7: Let n ≥ 4, 0 ≤ r ≤ n − 3 and let HP n be the n-dimensional hyper petersen. If S is an r-restricted cut of HP n and |S| ≤ f n (r) = − 1 2 r 2 + (n − 3 2 )r + n, then |S| = f n (r) and HP n is f n (r) two super r-restricted connected.
Proof: If |S| ≤ f n (r) − 1. then, by Lemma 3.6, HP n − S would have a component with at most r vertices, contrary to the fact that S is an r-restricted cut of HP n . Therefore, |S| = f n (r). Again, by Lemma 3.6, HP n −S has a component, say C, with at least 10 × 2 n−3
Since S is an r-restricted cut of HP n , we must have |V (A)| = r + 1. Therefore, HP n − S has exactly two components that are C and A.
2 )r + n and HP n is f n (r) two super r-restricted connected.
Proof: We consider the following claim.
2 )r + n = f n (r) for n ≥ 4 and 0 ≤ r ≤ n − 3.
We prove the claim by induction on r. Let r = 0. By Proposition 2.3, |N (u 0 )| = n. This implies that the result is true for r = 0. Since HP n is n-regular and Proposition 2. 
IV. CONCLUSION
The conditional connectivity is an important metrics for fault tolerance of a multiprocessor system. In this paper, we show that the r-restricted connectivity of the hyper petersen graph HP n is − 1 2 r 2 + (n − 3 2 )r + n and HP n is two super r-restricted connected for n ≥ 4 and 0 ≤ r ≤ n − 3. It is necessary for conditional diagnosability of a multiprocessor system.
